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ON THE THEORY OF PLANE STRESS FOR
FINITE DEFORMATIONS·

SEH-IEH CHOU

Department of Engineering Mechanics. University of Nebraska. Lincoln. Nebraska

Abstract-By means of parametric expansions in terms of thickness ho of the undeformed plate. the equations of
plane stress for finite deformations of homogeneous. isotropic. elastic materials are derived from the three­
dimensional theory of finite elasticity without making any usual geometrical or physical assumptions other
than that deformation is symmetrical with respect to the middle plane of the plate. The equations of plane stress
are obtained as the coefficients of zero power of ho in the expansions. Coefficients of higher order terms provide
interior corrections to the plane stress theory. The appropriate boundary conditions for these interior equations
are derived by the variational formulation of the three-dimensional theory of finite elasticity.

1. INTRODUCTION

THE general theory of plane stress for finite deformations of isotropic, elastic materials
has been considered by Adkins et ai. [1] and can be found in [2]. The equations are derived
by assuming the thickness of the plate to be small so that, when no forces act on the major
surfaces of the plate, it is assumed that the principal stress components normal to the
middle plane of the plate vanishes everywhere, as in the classical theory of plane stress.
Instead of examining stresses at every point across the thickness of the plate, the stress
resultants as functions of position on the middle surface of the plate are considered.

In this paper, the equations of plane stress and boundary conditions for finite deforma­
tions are derived systematically from the three-dimensional theory ofelasticity. The method
consists in assuming that the deformation is symmetrical with respect to the middle plane of
the plate and expanding the deformations and stresses into powers of the thickness ho of
the undeformed plate. Substituting these expansions into the constitutive relations and
equations of equilibrium, successive systems of equations are obtained by equating terms
of like powers of ho. The lowest order terms correspond to the equations of plane stress
theory, whereas higher order terms provide interior corrections to the plane stress theory.
The appropriate boundary conditions for these interior equations are derived by the
variational formulation of the three-dimensional theory of finite elasticity, without con­
sideration of the edge-zone solution. A similar problem for the classical linear theory of
plane stress has been considered by Reiss and Locke [3]. They derived the equations of
plane stress and boundary conditions by simultaneously considering expansions of interior
and edge-zone solutions, which is a generalization of the boundary layer method used by
Friedrichs and Dressler [4].

• The results presented in this paper were obtained in the course of research supported by the College of
Engineering and Architecture of the University of Nebraska through a Faculty Summer Research Fellowship.
1966.
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2. FORMULATION OF THE PROBLEM

Let a particle in the undeformed state be denoted by Xi and the same particle after
deformation be denoted by Yi, which is referred to the same set of rectangular Cartesian
coordinates as Xi' We consider a plate of constant thickness ho in its undeformed state
bounded by the planes X 3 = ±ho and the cylindrical surfaceJ(x 1 , x 2 ) = O. The bounding
planes X 3 = ±ho are referred to as the surface boundaries of the undeformed plate. The
surface IX31 ~ ho, J(x 1 , x 2 ) = °is called the edge boundary of the undeformed plate.
The smooth curve B; Xl = Xl (s), X 2 = xis), X 3 = 0, is called the boundary curve of the
undeformed plate.

We assume that the deformation is described by the mapping

(2.1 )

Using the formulas given by Green and Adkins [2J, the strain tensor Eij is defined by

Eij = t(Cij-b ij) (2.2)

where

Cij = Yr,iYr,j (2.3)

and bij is the Kronecker delta. The usual summation convention is used and Latin indices
take the values 1, 2 and 3. A comma denotes partial differentiation with respect to Xi'

The equations of equilibrium in the absence of body forces can be written as

(SjkYi,k),j = 0 (2.4)

where sij is the symmetric stress tensor in the deformed body measured per unit area of the
undeformed body.

When the body is homogeneous and isotropic, the strain energy function W per unit
area of the undeformed body is

where 11 , 12 and 13 are strain invariants

(2.5)

The constitutive relations take the form

or may also be written as

oW
s··=­
'I) oE ..

I)

(2.6)

where

(2.7)

and

(2.8)

(2.9)
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In (2.7), Cij is the inverse of Cij and has the relation

CikCkj = Jij'

847

(2.10)

When the material is incompressible, 13 1 and W is a function of II and 12 only. The
constitutive relations (2.7) still hold, but in this case p is a scalar invariant function of Xi'

When surface forces ott are prescribed at the boundary

(2.11 )

where on j is the component of unit normal vector to the undeformed position of a surface
in the deformed body. On the surface boundaries X3 = ±ho, the unit normal vector is
given by

on; = (0,0,1).

Assuming that surface boundaries are free from surface tractions, (2.11) then yields

Sk3Yj,k = 0

which has a unique solution

Sk3 = 0 at X3 = ±ho (2.12)

since det(Yj,k) is assumed to be nonvanishing. On the edge surface, the unit normal vector
is given by

Onj = (Onl' On2, 0).

The edge boundary conditions are, from (2.11),

(2.13)

Here ona. is the component of unit normal vector on B. Greek indices here and in the follow­
ing take the values 1 and 2.

Although any deformation can be considered as a sum of symmetrical and anti­
symmetrical deformations satisfying coupled equations, in this paper attention will be
given to deformation symmetrical with respect to the middle plane, i.e., extension of the
plate by edge forces. This implies that Ya., sa.ft> S33 are even functions of X3, while Y3, Sa. 3 , are
odd functions of X 3 •

3. PARAMETRIC EXPANSIONS

It is assumed that Y.. , whichis an even function of X3, and Y3, which is an odd function
of X3, may be expanded into powers of X3 in the form

Introducing nondimensional quantities

(3.3)
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expressions (3.1) and (3.2) then yield
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where

y~)(x l' X2) = y~ft)(X1, X2 , 0)

Z(ft)(X 1 ,X2) = y~)(Xl,X2'0)

are functions of X~ only.
We also assume that the tensors C ij , Cij , Sij, Bij and strain invariants 11 ,12 ,13 can be

expanded into powers of ho in the form

Substituting expansion ofthe form given by (3.6) into (2.3) and equating terms oflike powers,
we have

CO) = y(O),,(O) e(1) = e(3) = e(S) = ... = 0
~P P.a.J P.P' ~P ~P ~P

e(2) = 62(y(0),,(l) +y(2)y(0) +Z (O)Z (0»)
~P P.a.J P.P P.P p.~ ,~ ,p

e(4) - ...
~P - ,

e~~ = e~~) = e~~) = ... = 0

e(1) = ):(Z (O)Z(O)+ 2y(0) ,,(2»)
~3 .. ,~ P.a.J P

e(3) = ):3(2y(2),,(l)+ 4y(0) ,,(4)+ Z (2)Z(O)+ 3Z (0)Z(2»)
IX3 ~ P.a.J P p,aJ P '12 '(I:

e~5J = "',

e~ol = (Z(0»)2, ew = e~31 = ... = 0

eW = 2e2(2y~2)y~2)+ 3Z(0)Z(2»)

e~41 = ....

Equation (2.10) can be written as

which yields

C\~)C~J) = 15ij

e(1)C(<;!)+ e(O)C(l) = 0
Ir r) Ir r)

e(0)C(2)+ e(1)c(~)+C 2)C(<;!) = 0
~ ~ Ir ~ ~ ~

e(0)C(3)+ C!1)C(2)+ e(2)C(1)+ e(3)C(<;!) = 0 etc
It r} It rJ I',.J .,. rJ ,.

(3.7)

(3.8)
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The solutions of (3.8) for Clj) yield

C(O)C-(O) - ~
ay yp - Uap,

e(1) - e(1) - 0 e(1) - - Cl)e(O)CO)
ap - 33 -, a3 - ~3 33 a~

e(2) = - C(l)e(l)e(O) - C(2)e(O)e(O)
ap ~3 3P a~ ~y yp a~

C-(2) - (C(l)C-(1)+ C(2)C-(0»/C(0)
33 - - 3y y3 33 33 33,

C-(3) - ,7;(3) - 0
ap - \.-33 -

e(3) = _ C(l)e(2)e(0) _ C(2)e(l)e(O) _ C 3 )e(0)E(0)
a3 ~3 3 3 ~ ~y y3 ~ ~3 3 3 a~

C-(4) - •••
ap - .
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(3.9)

Note that each term in (3.9) can be determined step by step starting with the first equation
of (3.9) with the help of (3.7), since the right-hand side of (3.9) are known functions at each
step. The strain invariants, from (2.5), yield

1\°) = elf),
1\2) = elf),

N) = 1\3) = ... = 0

1\4) = CIt)""

I~O) = [(1\0»2 - C~~)C~o; - (C~Od)2]/2,

1~1) = 1\3) = ... = 0

1(2) - 1(0)/(2) C(0)CI2) C(0)C(2) C(l)C(1)/21 - 1 1 - ap ap - 33 33 - a3 a3

1~4) = "',
1(0) - [C(0)C(0)-(C(0»2]C(0) I(l) - 1(3) - ... - 0

3 - 11 22 12 33, 3 - 3 - -

Ill) = C\OlC~OiCW+ C~OiC~OdCW+ C~OdC\OlCW

- (CW)2C~Oi - (cW)2C\01 + 2C\OiCWCW - 2C\OiCWC~Od .

(3.10)

The tensor Bij defined by (2.9) is similarly expanded into the form given by (3.6) to yield

B(O) - b 1(0) C(O)
ap - ap 1 - ap,

B(2)=b 1(2)_C2)
ap ap1 ap,

B~~) = B~~) = ... = 0

B~~) = -C~~,

B~Od = 1\°) - C~Od ,

BW = Jll)-C~2d,

BW=B~~)= .. ·=O

B~1/ = ''',

B~~) = - C~~)".·

BW = BW = ... = 0

B~4d = ....

(3.11 )

The strain energy function W can be written as

(3.12)
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(3.13)

The three invariant functions <1>, q,', and P given by (2.8) are then expanded into Taylor's
series with respect to 1\°), I~O) and 1~0) to yield,

<1>0 = <1>0(1\°), 1~0), 1~0», <1>1 = <1>3 = <1>5 = ... = 0

<1>2 = B1\2)+ C/~2)+ D1j2)

<1>4=""

q,'° = q,'0(/\°), 1~0), 1jO», q,' I = q,' 3 = q,' 5 = ... = 0

q,'2 = CN)+ EI~2)+ F!j2)

q,'4 = ... ,

Po = po(/\O), 1~0), 1~0», PI = P3 = P5 = ... = 0

P2 = 1~0)(D1\2)+ FIlf)+ H1~2»+ 1~2)Po/1~0)

P4 = ... ,

where

a2 w
B = 2 CI2 '

1

a2 w
E = 2 a1~ ,

are to be evaluated at 1I = 1\°),12 = 1iO\ 13 = 1~0).

The stress tensor Sij is also expanded into powers of ho and with (3.9), (3.11), (3.13), the
expansion yields

S~~) = <l>ob~fJ+ q,'o[b~fJ(C~~+ Z(O)Z(O»-C~~)]+ PoC~~) 1
s~Oj = <1>0+ q,'oc~)~+ PoC~Oj

s~~) = 0

sw=sw=o }
s~~) = - q,' oC~~)+ PoC~~)

s~~) = <l>2b~fJ+ q,'2(b~fJI\0)-C~~»+ q,'0(b~fJ1\2)-CW)+ P2C~~) 1
s<i"j = <1>2 + q,'2(/\°) - C~~»+ 'I'0(/\2) - CW)+ P2C~Oj+ PoCj2j

s~~) = 0

and higher order terms.

4. INTERIOR EQUATIONS

The surface boundary conditions at ~ = ± 1 given by (2.12) yield

(3.14)

(3.15)

(3.16)

sl~) = 0 at ~ = ± 1, n = 0, 1,2, .. .. (4.1 )
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Examining expansions (3.14)-{3.16) and with the help of (3.7), (3.9), (3.10) and (3.13), it can
be shown that

s~n:l = ~ns~n:l(Xl' X2),

s~~ = ~nS~~(Xl' X2),

n = 1,3,5, ...

n = 0,2,4, ...
(4.2)

where s~n:l, s~~ are functions of x 1 and X2 only. The immediate consequence of (4.1) and (4.2)
is that

s~:l = s~~ == 0, n = 0, 1,2, ... (4.3)

(4.6)

(4.4)

(4.5)

in the interior region of the plate.
The equations of equilibrium (2.4), with (3.1), (3.2) and (3.14)-{3.16), and (4.3) then

yield, for the coefficient of zero power of ho,

( (Ol m) - 0
s~p Yr,p ,~ -

(sl0lZ (0») = 0
~P ,p,~ .

Since $0' 'Po, Po, c~~), C~~) are all functions of Xl and X2 only, the first equation of (3.14)
shows that s~~) is independent of ~, i.e.

(0) _ -(0)( )
s~p - s~p Xl' X2

= $ {) + 'P [{) (C(O)+ Z(OlZ(O)) - C(O)J+ P C(O)o ~P 0 ~P pp ~P 0 ~p'

Equations (4.4)-{4.6) are thus six equations for the determination of six unknowns s~~),

Y~O), Z(Ol. These are basic equations of plane stress theory.
For the coefficient of h~, the equations of equilibrium similarly yield

():2S(0)y(2) +S(2)y(0») = 0
'" ~P r.P ~P r,P'~

The first equation of (3.16) shows that

S(2) = ;:2S(2)(X x)
~P '" ~P l' 2

= $2{)~P+ 'P2({)~pI\0)-C~~))+ 'P0({)~pI\2l-CW)+ P2C~~l.

(4.7)

(4.8)

(4.9)

Equations (4.7)-{4.9) are six equations for the determination of six unknowns s~~), y~2), Z(2),
once the plane stress problem is solved. These are the first order interior corrections to the
plane stress theory.

Higher order corrections can be similarly obtained by taking coefficients of higher
order terms in the expansions.

5. BOUNDARY CONDITIONS

In this section, the appropriate boundary conditions for the interior equations obtained
in the previous section will be derived by variational formulation of the three-dimensional
theory of finite elasticity without considering edge-zone solutions. A similar method was
used by Reissner [5J to derive the boundary conditions for the classical plate theory.
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Consider the functional [6]

J= f [W(Eij)-SijEij]dv+~f sij(Cij-c5ij)dv I Yiottdx3ds (5.1)
Vo Uo A e

where vo is the undeformed plate, A e is the edge surface of the plate, ds the element of arc
length ofthe boundary curve B. It can be shown that [6] the vanishing of the first variation
of (5.1) yields as its Euler equations strain tensor (2.2), constitutive relations (2.6), the
equations of equilibrium (2.4), and the edge boundary conditions (2.13).

The first variation ()J = 0 has the form

f ( ~~.-Sij) bEijdxt dX2 dX3+ f [i(Cij-bij)-Eij] bSij dx l dX2 dX3
Vo vEil Vo

- f (SijYd'j bYk dX t dX2 dX3 + I [Si3Yk,i c5YkJ~ho dX 1 dX2
vo AI

+ I (Sko.Yi,k ono. - ot[) c5Yi dX3 ds = 0
A.

(5.2)

(5.5)

where AI denotes the surface boundary of the undeformed plate. Equation (5.2) is to be
used in conjunction with the parametric expansions given in Section 3 which satisfy the
strain tensor (2.2), constitutive relation (2.7), the equations of equilibrium and the surface
boundary conditions at x = ±ho. This implies that introduction of the results in Section 3
leaves the variational equation the form

I (SkaYi,kono.-ot[)c5Yidx3ds = 0, (5.3)
A.

Introducing (3.3) and remembering that S3o. = 0, equation (5.3) can be written as

I
(Syo.Yp,y ono. - om c5Yp d~ ds+ hoI (hosyo.Z,y ono. - ot~) c5Z d~ ds = 0 (5.4)

Ae Ae

Using the parametric expansions of Sij, Yo. and Z, and assuming that ott and ot~ can be
expanded into powers of ho in the form

ott = t~O)(s, ~)+ h~t~2)(S, ~)+ .

ot~ = hot~l)(s, ~)+ h~t~2)(S, ~)+ .

equation (5.4) then yields, for the coefficient of zero powers of ho,

f (s~~)y~~~ ono. - t~O») c5yp d~ ds = O.
A.

For the first order approximation, byp = c5y~O), so that (5.6) becomes

fI t [s(O)y(O) n -t(O)]d!'by(O)ds 0yo. p,y 0 a p ... Ii
-1

which yields, for the appropriate boundary conditions of the plane stress theory,

1IIs(O)y(O) n = - t(O)(!' s) d!'yo. p.y 0 a 2 p"" ....
-1

(5.6)

(5.7)
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(5.8)

(5.9)

(6.3)

(6.2)

For the coefficient of h~, equation (5.4) yields

f [(S(0»)::2 y(2) + S(2)y(0») n - to2)]!Jy d):: ds+ f (s(O»)::Z (0) n - t(l))!JZ d):: ds = 0
y" .. p,y y" P.y 0" p p.. y,," 'y 0" 3 .. .

A e A."

In (5.8), !Jyp = !Jy~O)+ h~e!Jy~2) = h~~2!JY<l), since y(O) is known from the first order approxi­
mation and hence !Jy~O) = O. Similarly, !JZ = h~~3!JZ(2). Equation (5.8) then yields for the
boundary conditions of the second order approximation

f P(~2s~~)y~~\+ s~~)y~~t) on" d~ = f 1 ~2t~2)(S,~) d~

f 1 ~4S~~)Z,~0) on" d~ = f 1 ~3t~1)(S,~) d~.

The appropriate edge boundary conditions for higher order approximations can be
similarly obtained from equation (5.4).

6. INCOMPRESSmLE MATERIALS

For incompressible materials, expansions (3.7) and (3.9) still hold. The expansions for
strain invariants 11 and 12 given by (3.10) remain valid, but now 13 = 1 and from (3.10),

[qolC~01-(C\OD2]C~01 = 1 (6.1)

C~C~CW+C~C~CW+C~C~cW

-(CW)2C~01-(CW)2C\01+ 2C\01CWcW-2QolcWQol = 0

and higher order terms. These are the incompressibility conditions.
The strain energy function W is now a function of 11 and 12 only. The expansions

for <I> and 'I' given by (3.13) thus take the form

<1>0 = <1>0(1\°), I~O»), <1>1 = <1>3 = <1>5 = ... = 0

$2 = BI\2)+ CI~2), $4 = ...

'I'° = 'I'0(1\°), I~O»), '1'1 = '1'3 = 'I'5 = ... = 0

'I'2 = CI\2)+ EI~2), 'I'4 = ...

where B, C and E are the same as before. The invariant function P is now an unknown
function of Xi' We assume that P can be expanded into powers of ho in the form

p(x1, X2' ~; ho) = Po(x1, X2)+ h~ep2(X l' X2)+ h~~4p4(X l' X2)+ ... (6.4)

where Po, P2' P4 ... are unknown functions to be determined. The expansions for the
constitutive relations (3.14H3.16) are valid, except now $, 'I' and P are given by (6.3) and
(6.4).

The equations of equilibrium for the plane stress theory are still given by (4.4) and (4.5),
and the constitutive relations given by (4.6). These equations together with the incom­
pressibility condition (6.1) constitute seven equations for the determination of seven
unknowns s~o;, y~o), Z(O) and Po. The edge boundary conditions given by (5.7) remain
valid.
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Higher order approximations for incompressible materials can be similarly obtained.
For example, for the first order interior correction to the plane stress theory, equations of
equilibrium (4.7) and (4.8), the constitutive equations (4.9), and the incompressibility
condition (6.2) are seven equations for the determination of seven unknowns s~1J, y~2), Z(2)
and P2' The edge boundary conditions are given by (5.9).

7. SUMMARY

By means of parametric expansions in terms of thickness ho of the undeformed plate,
the equations of plane stress for finite deformation are obtained as the coefficients of
zero power of ho in the expansions. The stress components s~~ vanishes identically, and
the stress component f 3°1 vanishes identically as the natural consequence of surface bound­
ary conditions. The remaining stress components s~~) are functions of X a only and are given
by

s(O) = cI> 0 + 'I' [0 iC(O)+ Z(O)Z(O»_ COl]+ P (;(Ol
afJ 0 afJ 0 afI'. pp afJ 0 ali' (7.1)

(7.4)

(7.2)

(7.3)

The equations of equilibrium have the form

( s(O)y(O») = 0
af! y.f! 'a

(s(O)Z (0») = 0
af! 'f! 'a •

The edge boundary conditions are given by

1 fl~(O)},(O) n = - t(O)(J: s) dJ:
• ya f!,y 0 a 2 f!'" ...

-I

The condition of vanishing of s)ol, that is,

o= cI> + 'I' C(O)+ P /(C(0»)2o 0 pp 0 33

is an additional condition which must be satisfied so that plane stress theory is truly two­
dimensional. When Z(O) varies slowly with respect to X a , the derivative Z.~Ol may be assumed
to vanish identically and equation (7.3) is satisfied automatically. Equation (7.5) then
furnishes the relation between Z(Ol and y~O). In such case. (7.1), (7.2) and (7.5) are basic
equations for the plane stress theory.

The coefficients of higher order expansions provide the three-dimensional corrections
to the plane stress theory. The first order corrections to the plane stress theory are given
by (4.7), (4.8) and (4.9). The appropriate edge boundary conditions are given by (5.9).
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A6CTpaJn-npH noMOIlUI napaMeTpH'IecICoro pa3J10lKeHHlI no TOJILQHHe HeAecPoPMHpoBaHHOit DJIaCTHHKH,

DblBO.lI,lITClI ypaBHeHHlI nnoclCoro HaplilKeHHoro COCTOllHHlI ,l),JUI ICOHe'l.HblX .llecPoPMa~ O.QHOPO.QHblX,

H30TponHblX, ynpyrHX MaTepHaJlOB. YpaBHeHHlI OCHOBaHbl Ha TeopHH ynpyrocTH KOHe'l.HbIX .llecPoPMaI.\Hit,

003 y'l.eTa 06b1'1HblX reOMeTPWfeCltlIX HJIH q.H3H'IecXH)( rlfnoTe3, lCpoMe npeMOJIOlKeHHlI ,'ITO .QecPoPMaUHlI
llHlleTCa CHMMeTpH'l.CCICOA OTHOCHTeJJbHO cepe.QHHHOA DJIOCXOCTH nnaCTHHKH. YpaDHeHHlI nJIOCKOrO
HanpllJICeHHOro COCTOllHHlI nOJlY'l.eHbI npHpaBHHBaHHeM Hymo K03lllcPHUHCHTOB npH HyJIeBblX CTeneHSIX ho
onHcaHHblX pa3J1olKeHHA. Ko3CP4lHI.\HeHTbI 'IJleHOB Bblcwero nopli,zuca ,ll3JOT sHYTpeHHble nonpasKH x

Teoplflf DJIOCKOrO KlUIpliJICeHHOrO COCTOliHHlI. BblBOJllITCli COOTBeTCTBYIOLQHe rpaHH'l.Hble yCJIOBHlI Jl]lll

3THX BHyTpeHHblX ypaBHcHHit, nyTeM BaPH3I.\HOHHOA q.OpMyJIHpoBXH TpeXMepHoA TeopHH ynpyrocTIf
ICOHe'l.HblX .Qeq.opM3I.\HA.


